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Abstract: The gradual erosion and transport of fine particles are among the possible consequences to the subsoil of a severe
flow, such as the seepage induced by the artificial lowering of the water table by means of pumping wells. The erosion, in turn
induce local effects, in terms of reductions in the soil volume and variations in the soil mechanical characteristics, that co
non-negligible when working in an urban area. In this paper, some laboratory tests are presented aimed at investigating the erosi
particles from soil samples subjected to a controlled seepage flow. The phenomenon of erosion and transport is then mo
combining, in a single governing equation, the conservation of mass of moving particles with a suitable law of erosion, which is ca
on the basis of the seepage tests. This equation, coupled with the equation governing the seepage problem, permits one to ev
quantity of particles eroded and transported from the soil mass. The effects of the loss of fine material on the stress–strain dis
within the soil mass are estimated by a finite-element analysis. The proposed model is then adopted for the evaluation of the
settlements induced by the water pumping from a drainage trench.
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Introduction

In the urban area of Milano~northern Italy!, a progressive rising
of the groundwater table has taken place in the last decades,
to the gradual moving of the relevant industrial plants from t
surrounding area and the consequent reduction in water dem
from the underlying aquifers.

The water table rising is currently causing serious problems
water inflow within the oldest deep underground structures, su
as parking lots and subway tunnels, which were designed, at
time of a low water table level, without a proper waterproof lin
ing. Moreover, the general increase of the pore pressure, and
consequent reduction of the effective stress distribution, mi
lead to differential settlements of the foundations of major bui
ings.

Among the solutions currently under investigation, as a po
sible temporary provision, is the local lowering of the water tab
by means of pumping wells located in the vicinity of the damag
underground structures. The characteristics of the soil~mainly
consisting of silty sand and gravel!and the need to maintain high
values of well discharge to attain a constant and sufficiently l
level of the water table have drawn attention to the possible e
sion of fine particles. As a consequence, the erosion could lea
a local decrease in volume due to the gradual loss of fine mate
and to the possible rearrangement of the coarser fraction of s
In addition, the mechanical characteristics of the soil may be
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fected by the reduction of the fine fraction and by possib
changes of the void ratio. These consequences could be of
evance especially when working in an urban area, where th
might cause settlements of the foundations of buildings locat
near the wells.

In literature, the term ‘‘erosion’’ customarily indicates the de
tachment of a particle from the soil structure, under the mecha
cal or chemical action of a fluid flow, in the form of surface flow
~surface erosion!or internal seepage~internal erosion!. In the lat-
ter case, the mechanism of macroscopic migration of the detac
particle is referred to as particle transport or suffosion~Kovacs
1981; Brauns et al. 1993!. The progressive erosion and transp
along a flow path may lead to the phenomenon of piping, that
the formation of a large flow channel. Redeposition of a partic
occurs due to the presence of a pore constriction along the fl
path, that is a pore having a diameter smaller than the parti
diameter, or due to the gradual formation of ‘‘bridges’’ amon
particles. The progressive redeposition of particles can prev
piping by plugging the flow channel.

In literature, the problem of erosion is mainly dealt with in th
study of the stability of dams, embankments, and wellbores,
both aspects of surface and internal erosion~e.g., Vaughan and
Soares 1982; Sherard et al. 1984a; Stavropoulou et al. 1998!. D
ferent, less common, cases can be found where the problem
progressive erosion is reported which leads to differential sett
ments due to the formation of large voids localized underneath
structures~Hayashi and Shahu 2000!.

The internal erosion has been initially investigated with refe
ence to the proper design of dam filters fulfilling the two require
ments of preventing soil erosion and piping and allowing fo
water seepage. Based on experimental investigations~e.g., Sher-
ard et al. 1984b; Kenney et al. 1985!, specific filter stability cr
teria ensuring both requirements have been suggested which
scribe particular conditions on the characteristic diameters of s
and filter grain size distributions~Karpoff 1955; Fischer and
Holtz 1996!.
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Together with these geometric characteristics, the influenc
other factors on the erosion and transport of particles has b
tested as well, such as the hydraulic conditions~fluid velocity and
flow direction with respect to the soil–filter interface!, the con-
fining pressure, the concentration of moving particles, and
possible chemical reactions~Hadj-Hamou et al. 1990; Reddi et a
2000; Tomlinson and Vaid 2000!.

Besides this experimental research, some attempts have
made to model the phenomenon of particle erosion and trans
in a porous medium on the basis of analytical and numer
approaches~Silveira 1965; Wittman 1979; Koenders and Wil
iams 1992; den Adel et al. 1994; Stavropoulou et al. 1998!.

The particle detachment can be evaluated on the basis
limit condition between disturbing forces and frictional/cohes
forces that would prevent the movement~Indraratna and Vafai
1997!. If the soil microstructure is seen as a three-dimensional
of channels representing the interconnected voids, along a
channel, the particle migration is allowed depending either on
probability of meeting a constriction~possible pore clogging! or
on the concentration of moving particles~possible flow channel
plugging! ~Khilar et al. 1985; Atmatzidis 1998!. For the evalua-
tion of these situations, geometric conditions should be con
ered, similar to those involved in the stability criteria for filte
design. When the particle migration is possible, flow equati
for solid/fluid mixtures can be applied, in which the mass a
momentum balance equations play the major role.

In this paper, the problem of erosion and transport of fi
particles is addressed with the intent of possible evaluation, ba
on a numerical modeling, of the induced soil deformations a
surface settlements. Toward this purpose, a preliminary labora
investigation was carried out on samples of silty sand subjecte
the flow of water under controlled hydraulic gradients. Duri
these tests, the quantity of eroded particles was measured a
ferent time intervals. The experimental program also include
series of triaxial compression tests carried out on reconstitu
samples, having different values of relative density and of fi
particle content. The program aimed to evaluate the effects
erosion on the deformability and shear strength of the tested

The seepage tests provided the experimental basis of a
governing the phenomenon of particle erosion from an elemen
soil. In particular, this law expresses the variation of the quan
of removed particles with time and hydraulic gradient.

The law of erosion, associated with the condition of mass c
servation for the particles moving within the soil element, leads
an equation governing the problem at hand. This equation
been implemented in the finite-element analysis of the proces
groundwater pumping from a vertical well. The calculations p
mit one to estimate the development of the surface settlem
during time caused by the erosion and transport processes
these bases, some conclusions are drawn about the potentia
of the numerical approach for the analysis of actual field pr
lems.

In the following, specific reference will be made to the fram
work outlined by Kenney and Lau~1985, 1986! and related defi-
nitions. In particular, in their papers, they configure the soil
constituted by a ‘‘primary fabric’’ of fixed particles and an e
semble of loose particles, that can be moved by forces suc
those produced by water flow, within the pore network of t
primary fabric. The potential transport distance is greater
smaller particles than for larger ones, and it depends on the
striction sizes of the primary fabric pores and on the possible p
clogging due to trapped small particles. The soil has a ‘‘sta
grading’’ if its structure is such that the loss of small particles
112 / INTERNATIONAL JOURNAL OF GEOMECHANICS © ASCE / SEPTEM
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prevented. In the conclusion, Kenney and Lau suggest a me
for predicting the material response based on the analysis o
so-called ‘‘shape curve’’ of the material grading~Fig. 1!. This
curve is drawn by plotting, for each value of grain sizeD, the
percentage of mass having grain sizes betweenD and 4D versus
the percentage of mass having a grain size smaller thanD. A
shape curve lying below the suggested boundary line indic
unstable grading. According to this approach, the soil used in
laboratory tests described in the next section has unstable gra
~solid line in Fig. 1! and, therefore, could be subjected to erosio

Laboratory Tests on Fine Particle Erosion

The soil recovered from borings in the urban area of Mila
~Italy! mainly consisted of well graded compacted sand a
gravel (CU538.4, GS52.72), with a non-negligible percentag
of fines ~dashed line in Fig. 2!. The soil passing through th
standard ASTM 200 sieve (D50.074 mm), in the following re-

Fig. 1. Shape curve of the soil grain size distribution and bound
between stable and unstable gradings~after Kenney and Lau 1985
1986!

Fig. 2. Grain size distribution for the original soil~dashed line! and
for the soil used in the laboratory tests~solid line!
BER 2003
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Fig. 3. Experimental setup for seepage tests
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ferred to as ‘‘fine’’ material, reached 20% by weight. A relativel
high hydraulic conductivity was estimated fromin situ well
pumping tests~averagek51024 m/s).

For the laboratory tests, only the material passing throu
ASTM 10 sieve (D52 mm) was considered, due to the relativel
small size of the samples. After the gravel component is sift
out, the soil has fines contentm0 equal to 23% by weight~solid
line in Fig. 2!. Maximum and minimum values of void ratio were
determined, respectively, by dry pluviation (emax50.94) and by
standard Proctor compaction tests (emin50.33).

To investigate the process of internal erosion of soils, vario
experimental studies have been proposed in literature that
mainly based on the application of a seepage flow through the
sample, under a controlled hydraulic gradient, and on the m
surement of the amount of removed particles~e.g., Kenney and
Lau 1985; Hadj-Hamou et al. 1990!. The laboratory tests pre-
sented here were based on a similar setup~Fig. 3!.

The 14 cm high samples were reconstituted by the moist tam
ing procedure~Ladd 1978!. The quantity of moist soil ensuring an
assigned relative density is tamped in seven layers into a me
brane held by a vacuum against a cylindrical mold 7 cm in diam
eter. An initial density of 70% was achieved, corresponding to
void ratio e0 of 0.51.

The upward seepage flow is induced by the assigned value
the hydraulic head, which depends on the difference in elevat
between the upper reservoir and the overflow valve~Fig. 3!. The
upward direction of the flow was preferred to the downward d
rection due to the tendency, observed in the preliminary tests
the fine particles transported by a downward flow to clog th
available filtering layer, interposed between the base and
sample itself.
INTERNATIONA
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A manometer is connected to the base of the sample to m
sure the inflow pressure. This allows for the direct evaluation
the hydraulic gradient, thus avoiding possible errors due to
draulic head losses taking place at the nozzles or within the in
tube.

A porous stone ensures a uniform flow at the sample ba
whereas no filter is placed on the sample head, since it co
hinder the removal of particles. The mould is subjected to slig
vibrations to prevent the formation of preferential seepage ch
nels. A gentle flow of air is applied at the top of the samp
through a thin tube, to avoid the redeposition of the washed p
ticles on the sample head.

A standard ASTM 200 sieve is placed above the lower res
voir, which collects the water outflow, to separate the fine p
ticles from coarser grains possibly eroded from the soil prima
fabric. The amount of coarser grains collected in the sieve w
negligible in any case, even for the highest applied gradients.

The lower reservoir is removed and replaced at constant t
intervals and the quantity of water is measured. This enables
to evaluate the changes of the soil hydraulic conductivity duri
the test. The weight of the eroded particles is also measured, a
sedimentation and oven drying.

The results of five tests, carried out with various hydrau
gradients, are shown in the diagrams of Fig. 4. They report
increase of the percentage by weightme of eroded fine particles
with time, for constant hydraulic gradient@Fig. 4~a!#, and with
hydraulic gradient, for constant elapsed time of seepage@Fig.
4~b!#. The lines in Fig. 4 represent the interpretation of the e
perimental data through the law that will be discussed in the n
section.

The erosion appeared to be rather uniformly distributed with
the sample and macroscopic local effects such as preferential
channels or piping were not noticed. The coefficient of permea
ity did not change substantially during the tests. Only for the ca
with a gradient equal to 0.39 was a sudden increase of wa
outflow observed 5 h after the beginning of the seepage flow
which indicates an appreciable increase of hydraulic conductiv

The erosion process produces a variation of the soil mic
structure and, hence, a possible change of the soil volume
porosity. With respect to this, three alternative hypotheses se
possible on the basis of the relative variations of solid volumeVS

and void volumeVV induced by the erosion, after the solid vo
umeDVS is removed~Fig. 5!.

It can be noted that the percentage by volume of eroded p
ticles equals the percentage by weightme if the same value of the
grain unit weight can be assumed for the fine removable mate
and for the grains forming the primary fabric. In this case, t
variation of the void ratio and the induced volume strains can
easily worked out as functions of the percentageme , from the
conditions assumed in the three hypotheses:
1. The loss of eroded soil increases the volume of voids wi

out a new arrangement of the primary fabric of the soil@Fig.
5~a!#; in this case, there is the largest increase of the vo
ratio but the erosion is not associated with volume strai
From the condition of constant total volume (VS1VV), the
following relations are arrived at, for the void ratioe and the
volume strain«v

e~me!5
e01me

12me
(1a)

«v50 (1b)
An upper limit to the void ratio exists, established by th
loosest state that the primary fabric could reach.
L JOURNAL OF GEOMECHANICS © ASCE / SEPTEMBER 2003 / 113
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Fig. 4. Variations of the percentage by weight of eroded fine pa
ticles with time~a! and with hydraulic gradient~b!, from laboratory
tests~dots! and from their analytical interpretation~solid lines!
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Fig. 5. Possible variations of void volumeVV and solid volumeVS

induced by the erosion process, according to three different c
1 ~a!, 2 ~b!, and 3~c!.
ing
-

t

Fig. 6. Possible variations of void ratio~solid line! and volume strain
~dashed line! with the percentage of eroded fine particles, accord
to the three cases a, b, and c of Fig. 5
2. No changes occur in the volume of voids (VV is constant!
and the total volume reduction is due only to a loss of so
material@Fig. 5~b!#; this causes limited volume strains and
limited increase of void ratio, according to the relations

e~me!5
e0

12me
(2a)

«v~me!5
me

e011
(2b)

3. The total volume reduction is due to the loss of solid ma
rial and to an induced compaction of voids@loss of voids
indicated asDVV in Fig. 5~c!#, thus leading to the larges
volume strains and to minor variations of the void ratio. A
additional hypothesis is necessary in this case to work
the proper relations. For instance, a zero variation of the vo
ratio can be assumed, that leads to the condition on the vo
volume variation

DVV5e0DVS (3)
and to the relations

e5e0 (4a)

«v~me!5me (4b)
The compaction of voids induced by the erosion proce
could even lead to a further reduction of the void ratio wit
respect to the initial valuee0 . The lowest limit to the void
ratio is obviously established by the greatest compaction th
the primary fabric could permit.

For the soil under consideration, Fig. 6 shows the curves a
sociated with the aforementioned relationships, i.e., the variati
of void ratio with respect to the initial valuee050.51~solid lines!
and the volume strains~dashed lines!, with increasing percentage
me of eroded fine particles.

Further analyses could be made about the variations of relat
density induced by the erosion. In this case, it should be cons
ered that the relative density depends, by definition, on the mi
mum and maximum values of the void ratio for the material a
hand, and that these values, in turn, depend on the fines con
MBER 2003
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Fig. 7. Comparison between the void ratio variations of Fig. 6 a
the minimum and maximum void ratio variations, with increasin
percentage of eroded fine particles. The dashed lines represent lin
constant relative densities, the dots represent the initial condition
samples tested in triaxial compression
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~Lade et al. 1998; Salgado et al. 2000!. Therefore, a preliminary
evaluation ofemin(me) and emax(me) is required in order to work
out the relationship

Dr~me!5
emax~me!2e~me!

emax~me!2emin~me!
(5)

Fig. 7 reports the same void ratio variations of Fig. 6 in compa
son with the variations of minimum and maximum values ofe,
experimentally evaluated on samples of the soil under consi
ation, prepared with various fines contents. The dashed line
Fig. 7 represent lines at constant relative densities equal to 3
50%, and 70%. As expected, together with a possible volu
contraction, the erosion process can induce a relevant variatio
the soil density~see cases a and c in their opposite tendencie
produce a looser and a denser soil respectively, while case b t
to keep a fairly constant relative density!.

At these low values of fines content, less than 25–30%,
mechanical behavior of the silty sand is expected to be domina
by the mechanical behavior of the granular component~Lade and
Yamamuro 1997; Thevanayagam and Mohan 2000!. However,
even minor changes in the fines content or in the soil den
could lead to variations of stiffness and shear strength that m
be quantitatively relevant.

In order to investigate these variations, a series of drain
triaxial compression tests has been carried out on samples
pared without fines content and with a fines content equal to
the original one~Peruzzi 1999!. In both cases, the samples we
compacted to relative densities of 30 and 70%, representing,
the soil after full or partial erosion, conditions close to tho
predicted by the described assumptions~see dots in Fig. 7!. The
results were compared with those obtained from drained tria
tests carried out on samples of the original soil, prepared a
relative density of 70%, that represents the condition before e
sion occurs. Figs. 8~a and b! show the variations of deviatoric
0

-

stress and volumetric strains with increasing axial strain, for
compression tests carried out with confining effective pressure
200 kPa.

Table 1 reports the deformability and shear strength para
eters estimated from the laboratory tests. For Young’s moduliE,
the unloading paths have been considered. The results ind
that the partial or total removal of the fine particles produces
general, an increase of stiffness and shear strength, for both c
of constant~70%! and reduced~30%! relative densities. Only one
case is reported of negligible variation of stiffness and slight lo
of shear resistance, that is the case of partial erosion (me50.1)
associated with a reduction of relative density (Dr530%).
L JOURNAL OF GEOMECHANICS © ASCE / SEPTEMBER 2003 / 115
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Table 1. Deformability and Shear Strength Parameters Obtained from Triaxial Compression Tests on the Soil at Hand, at the Initial Con
and after Partial and Full Erosion

Condition
Percentageme

of eroded fines
Relative density

Dr ~%!
Young’s modulus

E ~MPa!
Poisson coefficient

n
Friction angle~°!
~residual–peak!

Initial 0 70 96.76 0.13 32.6
Partial erosion >0.1 70 145.12 0.27 33.2
Partial erosion >0.1 30 96.5 0.13 30.6
Full erosion >0.2 70 172.58 0.31 35.5–41.5
Full erosion >0.2 30 162.2 0.25 34.4–36.9
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In addition, other relevant differences among the various tes
can be observed that are related to the ductility of the mater
response and to the dilatant/contractive behavior. In particular, t
total loss of fines (me50.2) leads to brittleness and dilatancy
especially marked when the erosion occurs without variation
relative density (Dr570%). Further investigation on these im-
portant issues is currently ongoing.

Model for Erosion and Transport of Fine Particles

Based on the results of the seepage tests, an empirical law
been derived that describes the process of erosion from the u
volume of soil. The considerable length of the flow path withi
the sample, compared with the mean grain size, permits one
consider the phenomena of redeposition and pore clogging
already accounted for in the evaluation of the amount of erod
particles from the seepage tests~Khilar et al. 1985; Reddi et al.
2000!. In this way, erosion is meant as the effective detachme
and transport of the particle. A more rigorous approach wou
require the separate analyses of the particle detachment~erosion!
and particle migration~transport!.

For interpreting the laboratory tests, the following relationshi
is proposed here between the percentage by weight of eroded
particlesme , the hydraulic gradienti , and timet, expressed in
hours

me5m0F12expS 2S t

t0
D b

•

i c

a D G (6)

Here,m05 initial fines content by weight,t051 h, anda, b, and
c5nondimensional parameters. These parameters have b
backcalculated by minimizing the following functionE(a,b,c),
that represents a measure of the discrepancy between nume
(me) and experimental (me8) results, the former given by Eq.~6!

E~a,b,c!5(
k

@mek
~ i ,t !2mek

8 #2 (7)

The ‘‘optimal’’ solution for the examined samples (a54.02, b
50.5, andc52.64) led to the lines shown in Figs. 4~a and b!.

It has to be pointed out that Eq.~6! has two main conse-
quences. The first one is that erosion occurs for any nonvanish
value of the hydraulic gradient, i.e., no lower limit exists below
which the process is absent. In a well graded soil, with fine com
ponent in the range of silts, this assumption seems reasonabl
view of the fact that even a very low hydraulic gradient coul
produce erosion of the finest particles. A different behavior mig
be expected in rather uniform coarse soils, for which a thresho
on the hydraulic gradients responsible for erosion can be fou
~Tomlinson and Vaid 2000!.

The second consequence is that, if sufficient time is allowe
there is full erosion, i.e., the erosion process will completely re
116 / INTERNATIONAL JOURNAL OF GEOMECHANICS © ASCE / SEPTEM
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move the fine particles (me→m0 whent→`). However, this sec-
ond drawback should not be crucial, especially for the enginee
ing problem here considered. In fact, the theoretical tim
necessary to complete the erosion becomes exceedingly lar
when the gradient value is within the range met in practical ap
plications. This can be shown, for instance, by plotting the
elapsed timet95, necessary to remove 95% of fine particles ver
sus the hydraulic gradienti ~Fig. 9!.

If microscopic mechanisms, such as redeposition and clog
ging, have already been accounted for, by evaluatingme from the
seepage tests, the transport phenomenon can be related solel
the water flow velocity and direction~den Adel et al. 1994; In-
draratna and Vafai 1997!.

In the continuous domain of a porous soil subjected to seepa
flow, let r andr f indicate, respectively, the mass density of fine
particles and the mass density of nonmoving fine particles in th
unit volume of soil. These quantities are functions of the positio
xI , with reference to a Cartesian three-dimensional coordinate sy
tem, and of timet. Let vectorvI (xI ,t) represent the velocity of the
water flow.

In the unit volume of soil, the conservation of mass of fine
particlesr can be written as

]r~xI ,t !

]t
52div$vI ~xI ,t !•@r2r f #~xI ,t !% (8)

The left-hand side term in Eq.~8! represents the rate of accumu-

Fig. 9. Time span required for the erosion of 95% of fine particles
versus hydraulic gradient, according to Eq.~6! with optimum values
of parametersa54.02,b50.5, c52.64
BER 2003
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lation of the mass of fine particles, while the right-hand side te
is the balance between inflow and outflow masses of mov
particles@r2r f #.

The percentage of nonmoving fine particlesm f can be defined
as the difference between the initial valuem0 and the valueme of
eroded particles

m f~xI ,t !5m0~xI !2me~xI ,t ! (9)

On the basis of the law of erosion~6!, the following expression
for m f is arrived at:

m f~xI ,t !5m0~xI !expF2S t

t0
D b

•

u iIu~xI ,t !c

a G (10)

where parametersa, b, c are supposed to be known from a ba
analysis of experimental data. Note that, in this generic thr
dimensional case, the scalar variableu iIu represents a suitable mea
sure of the hydraulic gradient in the positionxI at timet, equal to
the norm of vectoriI (xI ,t).

u iIu5AiIT
• iI (11)

Since the percentages by weightm equal the percentages by mas
the relationship~10! holds also for the densityr f and the initial
value of density of fine particlesr0

r f~xI ,t !5r0~xI !expF2S t

t0
D b

•

u iIu~xI ,t !c

a G (12)

Introducing Darcy’s law, that reads

vI ~xI ,t !52kI ~xI ,t !• iI~xI ,t ! (13)

the densityr f of Eq. ~12! can be expressed as a function of t
water velocity vI (xI ,t) and of the soil hydraulic conductivity
kI (xI ,t). The general form~13! of Darcy’s law includes the case o
anisotropic characteristics of hydraulic conductivity.

In addition,kI in Eq. ~13! is considered dependent on the p
sition xI , for the case of heterogeneous soils, and on timet. The
latter assumption permits one to consider the possible chang
the soil hydraulic conductivity induced by the erosion proce
For such a refined analysis, an additional law would be requi
calibrated on a suitable experimental investigation and rela
the conductivity characteristics to the fines content and to the v
ratio or density of the soil at hand. Through this law, an app
priate value could be assigned to parameterkI , for any position
along each of the assumed paths described in Figs. 6 or 7.

From Eqs.~12! and~13!, the rate of erosion can be worked o
as a functionG of the water velocity and soil hydraulic conduc
tivity

]r f~xI ,t !

]t
5G~xI ,t,vI ,kI ! (14)

The governing equation combining the unknown functions@r
2r f # andv is finally arrived at by joining Eqs.~8! and ~14!:

]

]t
@r2r f #~xI ,t !1div$vI ~xI ,t !•@r2r f #~xI ,t !%1G~xI ,t,vI ,kI !50

(15)

The analysis of boundary value problems, where both the fl
velocity vI and the density of moving fine particles@r2r f # are
unknown, is obtained by coupling Eq.~15! with the equation
governing the seepage flow~e.g., Desai 1977!. This can be de-
rived by combining Darcy’s law~13! with the equation of conti-
nuity that governs the flow of an uncompressible fluid throug
rigid, porous, and saturated medium. The hydraulic head ca
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assumed as the unknown variable of the seepage flow prob
the flow velocityvI being related to its space derivative, i.e., to t
gradientiI, through Darcy’s law.

Initial and boundary conditions have to be defined for the t
coupled problems. Initial values of fine particle densityr0(xI ,0)
and ofkI (xI ,0) must be assigned over the whole domain.

On the boundaries, for the seepage analysis, the condition
assigned, for instance, on the hydraulic head or on its space
rivative. In problems with confined flow~i.e., when the seepag
takes place in the whole of a geometrically known domain!, the
conditions should reflect the presence of either pervious or im
vious boundaries characterized, respectively, by an assigned v
of hydraulic head or by a vanishing value of the component
flow velocity normal to the boundary.

In addition, in the case of unconfined flow, a boundary ex
along which the fluid pressure equals the atmospheric press
i.e., the condition has to be assigned on the hydraulic hea
equal the elevation. Such a boundary can partially coincide w
an emerging seepage face, the elevation of which is known,
can be a phreatic surface, whose geometry isa priori unknown.
The latter case requires, therefore, an additional condition tha
particular, relates the phreatic surface velocity to the compon
of the fluid velocity normal to it.

For the problem of erosion and transport, three different kin
of boundaries can be considered. The first is the boundary im
vious to both fine particle inflow and outflow. Across it, there
no exchange of moving particles@r2r f #. The second is the
boundary, referred to as ‘‘negative source,’’ that is conside
pervious to one direction only of fine particle transport, that is
particle outflow. Examples of negative sources are the edge
wells and of water reservoirs or the emerging seepage surfa
that can capture but not produce moving particles. The third c
of boundary condition is the one considering the edge as an
nite ‘‘positive source,’’ across which particles are captured as w
as produced with no limits. More complex situations could
simulated by forcing a negative source to allow a limited abso
tion of particles. Such a condition could represent the interp
tion of a filtering layer between the soil and the well or the wa
reservoir.

Once the proper initial and boundary conditions have b
associated with the governing equations, the solution can be
tained in the framework of a suitable numerical method. For
stance, in terms of the finite difference method and for the s
plest case of a one-dimensional water flow in direction ‘‘s,’’ E
~15! can be rewritten as

~r2r f !x
t1Dt5~r2r f !x

t 2DtF ~r2r f !x
t
•

vsx
t 2vs(x21)

t

Dx

1vsx
t

~r2r f !x
t 2~r2r f !x21

t

Dx
1G~x,t,vsx

t ,ksx
t !G

(16)

After the evaluation of the density of moving particles@r2r f #,
the total particle densityr is then determined, the densityr f being
known through Eq.~12!.

If the erosion does not appreciably modify the soil hydrau
conductivity, the problems of seepage flow and particle eros
and transport become uncoupled and can be separately solve
particular, in the case of steady-state flow, a preliminary seep
analysis permits one to evaluate the velocity fieldvI (xI ), constant
with time. Then, the step-by-step time integration of the eros
L JOURNAL OF GEOMECHANICS © ASCE / SEPTEMBER 2003 / 117
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Fig. 10. Geometry and boundary conditions for the drainage trench problem
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and transport problem can be based on Eq.~15!, where only the
function @r2r f # is unknown.

It should be noted, however, that the erosion process begin
definition as soon as the seepage flow begins@cf. Eq. ~6!#. There-
fore, the steady state is always reached after the transient flow
already induced an erosion of some extent, either in a portio
the domain that belongs also to the domain of the steady-s
flow ~e.g., in a dam in the case of the reservoir filling! or in a
portion that eventually is excluded from that ultimate doma
~e.g., for the case of water table lowering!. The contribution to the
erosion that takes place during the transient phase could be
glected only if the induced void ratio variations and volum
strains are distributed over an insignificant portion of the doma
or if the transient phase lasts for a reasonably short time, w
respect to the period of time in which the whole process has to
examined.

The case of transient flow would just require a separate ev
ation, within each time increment (Ti)2(Ti 115Ti1Dt), of the
velocity field vI (xI ,Ti 11) and of the consequent density functio
@r2r f #(xI ,t).

A preliminary series of finite difference analyses, whose
sults will not be reported here for brevity~Borelli 2000!, has been
carried out to validate Eq.~15!, in one- and two-dimensiona
problems with a priori assigned velocity fields and steady-s
conditions of seepage.

Effects on the Soil Mass Strains and Stresses

Once the quantities of eroded and transported particles have
evaluated, a stress analysis is required to estimate the effec
the loss of fine material on the distribution of strains and stres
within the soil mass. Toward this purpose, one of the three
sumptions discussed in the section describing the laboratory
and relating the amount of erosion to the consequent volu
strain and the void ratio variation~Fig. 5!, should be adopted
Then, from the fine particle densityr, evaluated for each time
increment over the domain, the induced volume strains~Fig. 6!
and the variation of relative density~Fig. 7! are estimated through
the chosen relationship. The consequent effects to be consid
in the stress analysis are therefore an ‘‘initial’’ strain vector«I 0 ,
whose entries are related to the induced volume strain, an
variation of stiffness and shear strength characteristics, relate
the modified soil density.
118 / INTERNATIONAL JOURNAL OF GEOMECHANICS © ASCE / SEPT
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If the stress analysis is based on the finite-element method
nodal force vectorfI 0 equivalent to the initial strains«I 0 is deter-
mined according to the following relationship:

fI 05E
V
BI T

•DI •«I 0dV (17)

where BI 5matrix of shape function derivatives,DI 5elastic
constitutive matrix and the integral is extended over the elem
volumeV.

These forces are then applied as external loads and, depen
on the problem at hand, the consequent stress/strain change
be evaluated in an elastic or elastoplastic regime. In the analy
the modified values of the mechanical parameters can be ado

Application

Definition of the Geometry and Boundary Conditions

As a first attempt to solve an engineering practice problem,
described solution procedures for the evaluation of the eros
and transport of soil particles and of the consequent effects on
soil mass have been applied to the analysis of the settlem
induced by groundwater pumping from a drainage trench~Fig.
10!.

The water table is initially located 14 m below the horizont
ground surface. The level of water is then lowered within t
vertical trench, 0.8 m wide and 30 m deep, up to226 m from the
ground surface, so that the maximum drawdown reaches 12
The soil is assumed to be homogeneous and isotropic, with
initial fines content equal to 20% by weight. The problem w
treated under plane strain conditions and, due to its symme
only the portion of the soil mass on the right-hand side of t
trench was considered in the discretization.

Lateral edges of the domain are constrained in the horizo
component of displacement only. Various horizontal extension
the soil mass have been considered, from the lowest value o
m to the largest of 72 m~cf. Fig. 10!, to check the influence of the
boundary on the numerical results.

The mesh bottom, located 40 m below the ground surface
seen as an impervious and rigid boundary the displacement
which are completely constrained. Being impervious to wa
seepage, the lower boundary is also impervious to particle infl
and outflow.
EMBER 2003
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Fig. 11. Contour lines of the pore pressure (min50, max5240 kPa, increment540 kPa) and of the hydraulic head, in thicker lines (min
515 m, max525 m, increment51 m).
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Belonging to the axis of symmetry, the portion of the left-han
side boundary below the wall bottom is impervious to water see
age and to particle transport.

On the contrary, the erosion can freely take place through
walls of the trench, where the possible presence of a filter
neglected~negative source assumption!, while no change of the
initial fines content takes place on the right-hand side vertic
boundary~positive source assumption!.

The initial stress state depends on the soil unit weight and
the coefficient of earth pressure at rest (K050.5). A linear elastic
material behavior was assumed in the calculations, since for
problem at hand the stress state induced by the lowering of
water table and by the erosion-transport phenomenon is w
within the elastic range. The values assigned to the deformabi
parameters~Young’s modulusE, Poisson coefficientn! were ob-
tained from the triaxial compression tests on samples at the c
dition referred to as initial~cf. Table 1!.

Steady-State, Unconfined Seepage Analysis

Steady-state conditions were assumed for the seepage prob
and, neglecting possible changes of the coefficient of hydrau
conductivity, the analyses of seepage and particle erosion w
considered uncoupled. Hence, a steady-state unconfined see
analysis was performed first, resorting to a finite-element a
proach based on the so-called ‘‘fixed mesh’’ iterative proce
~Desai 1976; Cividini and Gioda 2000!.

This procedure involves a series of analyses on the sa
finite-element grid, performing an iterative updating of the nod
hydraulic head vector. The series of iterations eventually leads
the solution in terms of position of the phreatic surface and d
tribution of the hydraulic head, from which the distribution of th
flow velocity can be derived.

The first analysis is a confined seepage analysis, carried ou
a domain bounded by a trial phreatic surface, located above
likely actual position and considered as an impervious bounda
From the calculated hydraulic head distribution, the values
pore pressure are estimated at each integration point and the
tribution of hydraulic conductivity is modified so that points hav
ing a negative pore pressure are given a negligible coefficient
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permeability. This new distribution of hydraulic conductivity al-
lows for the evaluation of a sort of residual nodal fluxes, on th
basis of which a variation of nodal hydraulic head can be calc
lated. This variation is then applied in the next iteration, as a
updating of the previous values of hydraulic head.

For the analysis on the 72 m large grid, the solution is show
in Fig. 11 in terms of contour lines of the pore pressure and of t
hydraulic head. The phreatic surface coincides with the conto
line with vanishing pore pressure.

Analysis of Transient Erosion and Transport of Fine
Particles

On the basis of the results of the seepage analysis, in terms
flow velocity distribution, the step-by-step time integration of th
erosion–transport problem could be initiated, according to E
~15! in which the velocity fieldvI (xI ) is considered known and not
dependent on timet.

The analysis was limited to the portion of the domain actual
covered by the seepage flow in steady-state conditions. The up
boundary of this new domain is represented by the phreatic s
face, which is considered impervious to water seepage a
hence, impervious also to the fine particle inflow and outflow.

The results of calculations are summarized in Figs. 12 and 1
with reference to the analysis on the 36 m large domain. Fig.
presents the contour lines of the percentage of nonmoving a
total fine particles 1 month after the initiation of water pumping
Note that the quantity of nonmoving particles@Fig. 12~a!# is rela-
tively low in the vicinity of the trench~minimum value57%). In
the same zone, however, the total amount of particles@Fig. 12~b!#
is close to its initial value~20%!, due to a large quantity of ma-
terial transported here by the seepage flow. On the contrary, a
12 months, the steady decrease of the quantity of nonmovi
particles@minimum value53% in Fig. 13~a!# is associated with a
relevant reduction of the total amount of particles, up to a min
mum of 11%@cf. Fig. 13~b!#. A further limited increase of the
particle erosion was calculated for considerably larger time inte
vals beyond 12 months.
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Fig. 12. Contour lines of the percentage of~a! nonmoving fine par-
ticles r f (min57%, max519%, increment52%) and~b! total fine
particlesr (min519%) after 1 month
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Fig. 13. Contour lines of the percentage of~a! nonmoving fine par-
ticles r f (min53%, max519%, increment52%) and~b! total fine
particles r (min511%, max519%, increment52%) after 12
months
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Stress –Strain Analysis of the Effects of Water
Pumping

The effects of water pumping on the stress-strain state of the
mass are shown with specific reference to the surface settlem
which develop at the various stages of the analysis as co
quences of different causes. First, the water table lowering cau
by itself, a surface settlement. This is due to the increase of
fective stresses occurring when a portion of soil mass turns ou
be no longer in the immersed condition. The increase of effec
stresses depends on the difference between the natural~or dry!
and the buoyant unit weights of the soil and on the extent of
drawdown. In addition, the water flow produces seepage for
that act on the soil particles as the body forces in the direction
flow. These forces are related to the hydraulic gradient distri
tion and are responsible for surface settlement or heaving dep
ing on the direction of the water flow. The effects of these tw
contributions were estimated by means of a preliminary stre
strain finite-element analysis carried out in an elastic regime. T
dashed line in Fig. 14 summarizes the two effects of seepage
water table lowering in a single curve, representing the non
mensional surface settlements.

Finally, the third contribution to the surface settlements is d
to the actual erosion and transport of fine particles. These eff
were calculated following the procedure described in the sec
entitled ‘‘Effects on the Soil Mass Strains and Stresses.’’ In p
ticular, the hypothesis was assumed of constant void ratio
largest volume deformation@case~c! in Figs. 5 and 6#, whereas
M

0

,
-
,

-

the increase of soil stiffness, caused by the loss of fine partic
~Fig. 8 and Table 1!, was neglected. These assumptions are like
to lead to results on the safe side, i.e., to overestimated value
the surface settlements caused by erosion.

The results are shown by solid lines in Fig. 14, with referen
to a short- and long-term situation, respectively, 1 and 12 mon
after the beginning of water pumping. Note that since a ve
limited increase of erosion was calculated for large time interv
beyond 12 months, the settlement profile attained after 12 mon
can be considered sufficiently close to the long-term solution p
file.

Conclusions

The artificial lowering of the groundwater table by means
pumping wells represents the short-term solution that could
adopted in the urban area of Milano~Italy! for the problem of
water inflow of underground structures not properly waterproof
and presently partially submerged by the water table.

In the present study, attention was focused from one side,
the erosion of fine particles from the subsoil as a possible con
quence of a severe water seepage and, from the other side, o
effects that the erosion could induce on the existing structure

A model for the erosion and transport of the fine particles
granular soils, caused by the action of a seepage flow, has b
BER 2003
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Fig. 14. Surface settlementsu due to seepage and water table lo
ering ~dashed line! and due to erosion~solid lines! after 1 and 12
months (umax5maximum settlement due to seepage and water t
lowering!
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butions of S. Borelli and C. Peruzzi and the assistance of
Iscandri in performing the laboratory tests are gratefully ackno
edged.

Notation

The following symbols are used in this paper:
a,b,c 5 nondimensional parameters of Eq.~6!;

B 5 matrix of shape function derivatives, in the
finite-element analysis;

CU 5 uniformity coefficient;
D 5 grain size;

Dr 5 relative density;
DI 5 elastic constitutive matrix;
E 5 Young’s modulus;
e 5 void ratio;

emin , emax 5 minimum and maximum void ratios;
e0 5 initial value of void ratio;
fI 5 vector of equivalent nodal forces, in the

finite-element analysis;
GS 5 soil specific gravity;

k 5 soil hydraulic conductivity;
kI 5 matrix of soil hydraulic conductivity, for

two- and three-dimensional analyses;
K0 5 coefficient of earth pressure at rest;

i 5 hydraulic gradient;
iI 5 hydraulic gradient vector, for two- and

three-dimensional analyses;
t 5 time;
u 5 surface settlement;

umax 5 maximum surface settlement due to seepage
and water table lowering;

VS 5 volume of solids;
VV 5 volume of voids;

DVS 5 volume of solids removed by erosion;
DVV 5 loss of voids induced by erosion;

vI 5 water flow velocity vector;
xI 5 position vector in a Cartesian coordinate

system;
«I 5 strain vector;

«v 5 volume strain;
«1 5 axial strain in triaxial compression tests;
me 5 eroded fine particles, percentage by weight;
m f 5 nonmoving fine particles, percentage by

weight;
m0 5 initial fines content, percentage by weight;

n 5 Poisson coefficient;
r 5 mass density of fine particles;

r f 5 mass density of nonmoving fine particles;
r0 5 initial mass density of fine particles;
sc 5 confining cell pressure in triaxial compression

tests; and
s1–s3 5 deviatoric stress in triaxial compression tests.
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